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Expanded Third-Order Markov Undulation Model
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An expanded form of the third-order Markov undulation model is developed which includes undulation of the
geoid, vertical deflections, gravity anomaly, and the anomalous gravity gradients. First, the complete set of
autocorrelation and cross-correlation functions, as specified by the autocorrelation of undulation, is obtained.
Then, a time-domain approach is used to synthesize the corresponding linear system driven by white noise that
represents the anomalous gravity field behavior along a straight horizontal track. The resulting nine-state
Markov model provides a shaping filter for applying covariance analysis and optimal estimation techniques to
inertial navigation and gravity gradiometry systems analysis.

Introduction

CONTINUED mechanical refinement has brought inertial
navigation technology to the stage where unmodeled

variations in the Earth's gravity field have become significant
and sometimes dominant error sources.1 At the same time,
inertial navigation system analysts have been facing the task
of developing error models to evaluate the impact of gravity
uncertainties on navigation system performance. Ad-
ditionally, the development of gravity gradiometers has made
it necessary to model gravity-gradient signals to specify sensor
requirements and analyze gradiometer-aided inertial
navigation or gradiometry survey performance.

To apply the powerful tools of linear system theory and
Kalman filtering, it has become common to consider gravity
uncertainties random variables, and to model them as Markov
processes. Following the first treatment of vertical deflections
as a first-order Markov process,2 a succession of higher order
Markov models was proposed culminating with the third-
order Markov undulation model3'4 which is fully self-
consistent; that is, the auto- and cross-correlation functions
of undulation, vertical deflections, and gravity anomaly obey
and are derived according to the mathematical relationships
of physical geodesy.

The motivation for using Markov models for gravity un-
certainties is that they can be cast in the form of linear dif-
ferential equations driven by white noise. This allows use of
the model as a shaping filter in covariance analysis of linear
dynamic systems, Kalman filters, and optimal smoothing
algorithms. The expanded third-order Markov undulation
model described in this paper is derived from the original
version, but it has three differences.

First, it was found that the original model could easily be
extended to include all the anomalous gravity gradients by
continued differentiation of auto- and cross-correlation
functions.

Second, the exact cross-correlation function between
undulation and gravity anomaly contains modified Bessel
functions.4 Modified Bessel functions are solutions to a class
of differential equations whose coefficients are functions of
the independent variable. To obtain a Markov shaping filter,
it is necessary to substitute an approximate function which is
the solution to a linear differential equation with constant
coefficients. While the chosen exponential form did not
approximate the exact Bessel function as well as at first hoped
possible, it provides a suitable representation of the un-
dulation-gravity anomaly cross-correlation.
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Third, the synthesis of a set of white-noise-driven dif-
ferential equations from the auto- and cross-correlation
functions has been a difficult task for high-order models.
Usually, power spectral density functions are obtained from
the autocorrelation functions, and then factored into transfer
functions for which a linear system can be specified.5 In high-
order models, sheer complexity causes this approach to
become unmanageable. Cross-correlations must often be
ignored, or are unintentionally lost. At times, arbitrary ad-
justments must be made. In this paper, a different approach
to the synthesis problem is used, which for any order of
system uniquely specifies the shaping filter. Only matrix
manipulations are necessary, and the procedure has the
potential to be completely computerized once the
autocorrelation of undulation is given.

Auto- and Cross-Correlation Functions
for the Expanded Third-Order Markov

Undulation Model
The model is derived by proposing an autocorrelation

function for gepidal undulation, which is equivalent to a
description of the anomalous potential, and then deriving all
other correlation functions from it, using stochastic
relationships constrained by geodetic theory. The proposed
autocorrelation function for undulation is4

, -rid

= E[N(X,Y)N(X+x,Y+y)]

(1)

(2)

where r is radial horizontal distance (= V;c2 +y2), d is a
distance parameter, N. is geoidal undulation, ON is the rms
value of undulation, and E[ ] indicates the expectation
operation. From this function, it is possible to derive the
complete set of correlation functions for vertical deflections,
gravity anomaly, and the anomalous gravity gradients.

Coordinate Frame and Geodetic Relationships
A local vertical coordinate frame, shown in Fig. 1, is used.

Then

r]=-8N/dx

Txy=-gdrj/dy=-gd£/dx

(3)

(4)

(5)

where TV is geoidal undulation, 17 is the prime component of
vertical deflection, £ is the meridian component of vertical
deflection, and Txx, Txy, Tyy are anomalous horizontal gravity
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Fig. 1 Coordinate convention.

gradients. Also

Tx=dAg/dx (6)

Tyz are anomalouswhere Ag is the gravity anomaly, and Tx
vertical shear gravity gradients.

Derivation of Correlation Functions
Random variable theory5 provides the relations for

derivation of all other auto- and cross-correlation functions
from Eq. (1). All but one can be obtained by taking successive
partial derivatives. To obtain 0^^ (r) from (t>NN(r) , the flat-
Earth form of the Vening-Meinesz equations must be used to
show4

d2 d2

(7)

Finding <t>NAg (r) is mathematically involved, and requires two
Fourier transform operations giving a solution of modified
Bessel functions.4 Since modified Bessel functions are not
solutions of linear differntial equations with constant
coefficients, and it is necessary to have all correlation func-
tions of such a form to synthesize a nonvarying linear system,
this function is approximated by

, -3r/2d (8)

as shown in Fig. 2. Attempts to fit the exact function with a
third-order exponential that dipped below the rid axis failed
to produce a positive-definite covariance matrix. Whether a
better approximation of some other suitable form exists is not
known.

Now, it is possible to obtain all remaining correlation
functions by taking successive partial derivatives of Eqs. (1),
(7), and (8).5 This procedure is facilitated by working in r, 6
coordinates, and using the differential formulas

dx

d<t>(r,6)
by

= sin0
d<t>(r,B)

dr

= COS0

r dd

sin0d0(r,0)
dr

(9)

(10)

ofThe derivation process can be organized into three "trees
partial derivative operations, as shown in Figs. 3-5.

These trees are symmetric about their centerlines in the
sense that one side can be obtained from the other simply by
replacing sin0 by cos0, or cos0 by sin0, and changing the
subscripts on the variances. For example, <t>N%(r,d) can be
found from </>N7? (r,0) by replacing sin0 with cos0, and a^ with
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APPROXIMATION: SEEEQ. (8)

EXACT BESSEL FUNCTION SOLUTION'
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NORMALIZED SHIFT DISTANCE (r = r/d)

Fig. 2 Geoidal undulation-gravity anomaly cross-correlation
approximation.

(T£ . This symmetry property provides an excellent check on the
derivation of the correlation functions. All correlation
functions are given in the Appendix.

Constant-Heading Time-Domain Form
In applying the third-order Markov undulation model to

navigation problems, it is necessary to express the correlation
functions in path-oriented variables (see Fig. 6) and convert to
the time domain.

— £sin0 (11)

where X, n are the in- and cross-track components of vertical
deflection.

Also, applying the similarity transform rules to the
anomalous gravity gradients

(12)

(13)

(14)

(15)

(16)

Of course, N and Ag are unchanged by azimuth rotations.
Then, it is possible to obtain the constant-heading form by
evaluating all the correlation functions at 0 = 0, and making
the associations

N=N Ag = Ag IV =T^

U=T? r =r r =r
The time-domain correlation functions are obtained from the
space-domain functions by making the replacement r= V\r\,
where V is the vehicle's speed and r is the time-shift
parameter. It is then possible to proceed directly to the
shaping filter from the correlation matrix of auto- and cross-
correlation functions expressed in the time domain.

Synthesis of Shaping Filter
Start with the correlation matrix

<t>(T)=E[x(t)xT(t + r)] (17)

where, in our case, jc is the state vector of anomalous gravity
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Fig. 3 Correlation functions derived from <j>NN.

(20)

The relationship between x at a time t, and jc at some future
time t + T, is given by the solution to Eq. (19):

( +T

where $(T) is the state-transition matrix defined by

(21)

(22)

Using Eq. (21) in Eq. (17) gives

<j>(T)=E[X(t)XT(t)]*T(T)

Fig. 4 Correlation functions derived from 0

variables
* r = < ; v i x : r x x : r w ! A g ! r^ir

It is desired to obtain an equation of the form

x(t)=Fx(t)+\v(t)

(t+T E[x(t)wT(o)]*T(T-a)da (23)

(18)

(19)

The integral term in Eq. (23) is zero because the state at time t
is uncorrelated with the input at time t, or any future time,
t < a < T + 1 . This leaves 6

where F is the constant dynamics matrix having eigenvalues
with negative real parts, and w ( t ) is the vector of white noise
inputs.

P = E [ x ( t ) x T ( t ) ] =

Then, at steady-state (P=0),

=covarianceofjc (24)

(25)
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Fig. 6 Path-oriented variables.

Setting T = 0, so that *(0) = /,

j>(0)=PFT (26)

and solving gives the desired result of F in terms of <j> ( T)

F=<j>T(0)P~' =<t>T(0)<t>(0) ~' (27)

Q may be determined from the steady-state form of the

Ag

I °r,-
2dg ' 0

2^^ I °J 1_^°_|

-9 I o t j 3C -at o - o
--1-^^,-L^1—-^-1 —H--t

2dg I 0 -

' 0

0 I 0

T^

0 0 ' 0L _ l__i _
"oH^

I o.
" I A 2~

Fig. 7 Covariance matrix.

covariance propagation equation

P=0 = FP+PFT + Q
as

Q= -FP-PFT

or

(28)

(29)

(30)

Thus, it is possible to find the F matrix from Eq. (27). The Q
matrix can be found from Eq. (30).
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Fig. 9 Q matrix.

Resulting Linear System
The P, F, and Q matrices are given in Figs. 7-9. In the

dynamics matrix F, all the geodetic relations in Eqs. (3-6) are
satisfied. Note that the cross-track variables p, I\M, and FMZ
are not coupled to the in-track variables.

If the anomalous gravity field variables are to be expressed
in geodetic coordinates, the inverse transforms of Eqs. (11-16)
can be applied to the outputs.

Conclusions
The model provides a fully self-consistent shaping filter for

covariance analysis, Kalman filtering, optimal prediction,
and smoothing problems involving gravity-sensitive in-
strumentation moving along straight, horizontal tracks. It can
be applied to covariance analysis and optimal estimation of
inertial navigation or gravity gradiometry system per-
formance. The technique used for shaping filter synthesis
provides a systematic route to the linear system form of the
Markov model and should be useful for developing more
sophisticated gravity models or multidimensional Markov
models for other problems.

Acknowledgments
The work presented in this paper was supported under

Contract N00030-79-C-0096 with the Strategic Systems
Project Office of the Department of the Navy. Publication of
this paper does not constitute approval by the Department of
the Navy of the conclusions contained herein. It is published
for the exchange and stimulation of ideas. The author would
like to thank Bernard Kriegsman and Kevin Mahar for their
assistance in debugging and testing the model. Help was also
provided by Roger Scholten in selecting the Bessel function
approximation, and by Bill Critch in deriving the final version
of the model.

References
Berber, M., "Gravity Gradiometry—Something New in Inertial

Navigation," Astronautics & Aeronautics, Vol. 16, May 1978, pp. 18-
26.

2Levine, S.A. and Gelb, A., "Geodetic and Geophysical Un-
certainties—Fundamental Limitations on Inertial Navigation," AIAA
Paper 68-847, AIAA Guidance, Control, and Flight Dynamics
Conference, Pasadena, Calif., Aug. 1968.

3Kasper, J.F., "A Second-Order Markov Gravity Anomaly
Model," Journal of Geophysical Research, Vol. 76, No. 32, Nov.
1971, pp. 7844-7849.

4 Jordan, S.K., "Self-Consistent Statistical Models for the Gravity
Anomaly, Vertical Deflections, and Undulation of the Geoid,"
Journal of Geophysical Research, Vol. 77, No. 20, July 1972, pp.
3660-3670.

5Papoulis, A., Probability, Random Variables, and Stochastic
Processes, McGraw-Hill Book Co., Inc., New York, 1965, pp. 314-
320.

6Bryson, A.E. and Ho, Y.C., Applied Optimal Control, Ginn and
Co., Boston, 1969, pp. 329-334.

Appendix: Auto- and Cross-Correlation Functions of the Third-Order Markov Undulation Model
Relations Between Rms Values

= (g/d) a, - ar - (2g/d) a,

Auto- and Cross-Correlation Functions

i—

3r
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